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Composite electronic orders induced by orbital Kondo effect
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Institute of Materials Structure Science, High Energy Accelerator Research Organization,
Tsukuba 305-0801, Japan
In a large number of rare-earth and actinide systems, Kondo effect tends to suppress mag-
netic order by making the spin singlet between localized and conduction electron spins. In the
presence of orbital degrees of freedom, however, there emerge exotic electronic orders induced
by Kondo effect. The orbital Kondo effect can collectively make diagonal and off-diagonal (su-
perconducting) orders. With the particle-hole symmetry in conduction bands, these orders are
all degenerate, forming a macroscopic SO(5) multiplet. This paper discusses recent theoreti-
cal development on these electronic orders which are relevant to Pr3+ and U4+ systems with
even number of f electrons per site. In the superconducting order, each conduction-electron
pair is coupled with local degrees of freedom, forming a composite entity with a staggered
spatial pattern. The quasi-particle spectrum is best interpreted as virtual hybridization with
resonant states at the Fermi level. Possible order parameter for URu2Si2 in the hidden order
state is discussed in the context of composite orders. Briefly discussed are related issues such as
homogeneous odd-frequency pairing and SO(5) theory for high-temperature superconductors.
1. Introduction
Ever since the original paper by J. Kondo in 1964,1
physics including the Kondo effect has deepened and
widened continuously. The target systems have been ex-
tending from the original magnetic impurity systems to
such large varieties as heavy electrons,2, 3 semiconductor
nanostructures,4 metallic superlattices,5 and even high-
density quark matters described by QCD.6 The new
directions can be divided into two parts: (i) impurity
systems with controllable environment such as semicon-
ductor nanostructures, and (ii) lattice of Kondo centers
which interact mutually and give rise to collective phe-
nomenon such as superconductivity. The focus of this
review is on the second category. In particular, we are
motivated by the idea that Kondo effect may work for
creating a new kind of electronic order, in contrast to
suppressing magnetic order as is customary perceived.
The key ingredient for Kondo-induced order is the or-
bital degrees of freedom.7 Suppose that an impurity in
the metallic matrix has the orbital (non-Kramers) dou-
blet as a result of the crystalline electric field, and has an
orbital exchange interaction with conduction electrons.
If the sign of the exchange is positive, which favors an
orbital singlet, the orbital Kondo effect should work. Ob-
viously conduction electrons also have the spin degrees
of freedom, which work as multiple (two) channels for or-
bital screening. As a result, an overscreening occurs and
the orbital singlet cannot be formed. The idea of over-
screening was first put forward by Nozie`res and Blandin8
in a different context. Namely, they considered a situ-
ation where the impurity has only the spin degrees of
freedom, but conduction electrons have both spin and
orbital degeneracy. In this case the overscreening occurs
for the spin degrees of freedom. However, it is unlikely
that each momentum of conduction bands has the orbital
degeneracy. Hence the original setting does not seem to
be realistic in actual systems.
With the overscreening of any form, finite entropy
remains at each local site. Then the system of orbital
Kondo centers inevitably undergoes an electronic order
to remove the entropy. The simplest way, occurring even
without Kondo effect, is forming an orbital (quadrupole
or hexadecapole) order. The resulting lower symmetry re-
moves the orbital degeneracy, and the entropy vanishes.
There has been an enormous number of experimental
and theoretical studies in this direction.9, 10 With strong
Kondo effect, however, other new kinds of order may oc-
cur. For example, orbital singlets may form together with
spontaneous breakdown of the spin degeneracy. The re-
sultant state breaks the time reversal, but may not have
the macroscopic magnetic moment.11–13 These exotic or-
ders will be explained in detail in this paper.
There is a long history in study of the overscreened
Kondo effect. Theoretical status up to 1998 has been
summarized in the extensive review by Cox and Za-
wadowski.14 On the experimental side, however, the or-
bital Kondo effect still awaits unambiguous identifica-
tion. Some of the promising candidates will be discussed
later.15–18 Beginning with introductory description for
the orbital Kondo effect, we shall review theoretical de-
velopment achieved mainly after Ref.14. Our view is ba-
sically consistent with Ref.14 for the two-channel Kondo
effect. Concerning the transition to the novel ordered
phases, however, we put forth a different viewpoint on the
basis of recent progress. It has been recognized19, 20 that
the composite order can be viewed as an odd-frequency
order of conduction electrons. This view makes it practi-
cal to derive the transition temperature numerically, and
resolves some confusion in the literature.14, 21
In the following section, we start with the impurity
system where the orbital degrees of freedom of localized
f electrons are interacting with conduction electrons. We
give brief overview of the multi-channel impurity Kondo
effect where the overscreening occurs. We emphasize that
1
2dominant fluctuations from the ground state are com-
posite objects involving both local and itinerant elec-
trons, and that these objects are related to each other
by a hidden SO(5) symmetry. In the rest of the paper
we deal with the main target; composite diagonal and
off-diagonal orders induced in the orbital Kondo lattice.
Section 3 discusses the diagonal composite order, while
Section 4 considers the superconducting composite order.
If the particle-hole symmetry is present in the conduc-
tion bands, both orders are related to each other by the
SO(5) symmetry. This aspect becomes most transparent
in terms of fictitious hybridization of conduction elec-
trons with a resonant level at the Fermi level, which is
the subject of Section 5. Possible relevance of the com-
posite orders to actual systems are discussed in Section
6. Finally Section 7 discusses related subjects concerning
odd-frequency superconductivity and SO(5) symmetry in
single-band models. We close the paper by summarizing
and giving some outlook on the subject.
This paper is written mainly for non-experts of Kondo
effect, although basic knowledge of interacting electrons
is assumed. Hence the reference list is by no means ex-
haustive. If appropriate review paper is available on the
topic, many of original papers are not cited.
2. Non-Kramers Kondo impurity
2.1 Orbital pseudo-spin and exchange interaction
The simplest example of the orbital degrees of freedom
is illustrated in Fig.1 where two electrons of up and down
spins occupy either px or py orbital. In each orbital, two
electrons form the spin singlet. The two orbital states
are conveniently expressed in terms of pseudo-spin with
|+〉 for the p2x state and |−〉 for the p2y state. With the
tetragonal symmetry around the z-axis, the states |±〉
are degenerate.
Analogous situation occurs in actual f -electron sys-
tems with f2 configuration under the crystalline electric
field (CEF). However, the strong spin-orbit interaction
makes the constituent f -electron states much more com-
plicated. For example, the cubic CEF has doubly degen-
erate eigenstates labeled Γ3, where the f -electron states
have angular charge distributions such as x2 − y2 and
3z2 − 1 with x2 + y2 + z2 = 1. These charge distribu-
tions are regarded as orbitals. The operator describing
the flipping of the orbital (or pseudo-spin) states a, b is
written as Xab = |a〉〈b|. Then the simplest local interac-
tion between the Γ3 states and conduction electrons is
parameterized by the orbital exchange J , and is written
Fig. 1. Example of the simplest degenerate orbital states of two
electrons with p2
x
and p2
y
configurations.
as
Hex = J
2
∑
ab
Xab
∑
σ
c†bσcaσ, (1)
where conduction electrons are characterized not only
by the orbital a, b but by the spin states σ. It is obvious
that Hex is invariant under the point group operation.
Precisely speaking, σ describes one of a time reversal
(Kramers) doublet, which also has an orbital component
with spin-orbit interaction. For simplicity, however, we
refer to σ as ”real spin”. We use Latin characters such
as a, b for indices of pseudo-spins, and Greek characters
such as α, β, σ, ρ for real spins.
The localized states with even number of f electrons
are called non-Kramers configurations. Pr3+ and U4+
with two f -electrons belong to such cases. Here the
Kramers theorem about the time-reversal degeneracy
does not apply, and the CEF ground state of a non-
Kramers ion can either be a singlet, or a multiplet.
Those systems such as PrAg2In,
22 PrMg3,
23 PrPb3
24 and
PrTi2Al20
25 have doubly degenerate states as the CEF
ground state. Since spatial distribution of wave functions
in the doubly degenerate state are different from each
other, an electric multipole such as quadrupole and hex-
adecapole should arise in the ordered phase. In addition,
an imaginary coefficient in linear combination of wave
functions brings about magnetic degree of freedom such
as octupoles (23) and triakontadipoles (25).
There are two main sources as the origin of J : (i)
Coulomb repulsion between f and conduction electrons,
and (ii) hybridization between them.14 These sources are
analogous to those for the spin exchange26 where the
Coulomb interaction favors the ferromagnetic interac-
tion, while the hybridization favors the opposite sign.27
Unfortunately, we are not aware of systematic study
about the sign and magnitude of the orbital exchange
J . We assume J positive, which is necessary to have
renormalization to strong coupling. If we have J < 0,
the higher-order effect drives the system to decoupled
f and conduction electrons.1 Experimentally, there are
many non-Kramers systems where f electrons are local-
ized well. It is likely that these systems have negative
J . On the other hand, we expect J > 0 for some U and
Pr systems such as UBe13
17 and PrV2Al10,
18 which show
behaviors analogous to those of canonical Kondo systems
such as CeCu2Si2 and CeB6.
9 In general, J tends to be
positive and large as itinerant character of f electrons
becomes stronger.
In terms of the pseudo-spin operator Sˆ for f electrons,
the orbital permutation in Eq.(1) is written as
∑
abσ
Xabc
†
bσcaσ =
∑
abσ
(
Sˆab · c†bσσbacaσ +
1
2
δabc
†
bσcaσ
)
,
(2)
where caσ is the annihilation operator of the conduction
electron at the impurity site with orbital a = 1, 2 (or
written as ± if convenient) and spin σ =↑, ↓. The second
term in the right-hand side (RHS) describes the poten-
tial scattering and will be neglected in the following. By
adding the kinetic energy of conduction electrons we ob-
3tain the Hamiltonian of the two-channel Kondo impurity:
HKI =
∑
kaσ
εkc
†
kaσckaσ + JSˆ · (sˆ↑ + sˆ↓), (3)
where sˆσ =
1
2
∑
ab c
†
aσσabcbσ is the pseudo-spin operator
of conduction electrons with channel (real spin) compo-
nents σ. The Hamiltonian (3) has the SU(2) symmetry
in both spin and orbital degrees of freedom, which are
written as SU(2)S⊗SU(2)O.
Let us mention briefly other models of non-Kramers
CEF states. If the CEF ground state is a singlet with
small splitting ∆ below a triplet, the spin Kondo effect
occurs even for non-Kramers systems.28–31 In the sim-
plest picture, each electron of f2 configuration has the
antiferromagnetic interaction J2 with conduction elec-
trons, and competes with ∆. This situation is analogous
to the two-impurity Kondo problem where the intersite
interaction, often called the RKKY interaction, plays the
role of ∆. It is known that the two kinds of singlets, CEF
and Kondo, crosses over in general as J2/∆ increases
from zero. If there is a higher symmetry, however, there
appears a quantum critical point where the ground state
shares the same feature as that of the two-channel Kondo
model.32, 33 It has been argued9, 34 that a strange order
in PrFe4P12 is a consequence of the competition between
J2 and ∆. Recently another new model has been pro-
posed35 that takes the j-j coupling scheme to construct
the f2 CEF states. Depending on the strength of J2 and
the orbital exchange, either orbital or spin Kondo effect
dominates over the other. Since we prefer a reasonable
size of the review, the singlet CEF ground state will not
further be discussed.
2.2 Orbital Kondo Effect
We prefer the term ”orbital Kondo effect” rather than
the ”quadrupole Kondo effect” originally proposed,7
since the relevant multipole may be hexadecapole de-
pending on the CEF states.36, 37 Both spin and orbital
types of Kondo effect bring about logarithmic tempera-
ture dependence lnT of the electrical resistivity ρ(T ) at
temperatures higher than the characteristic temperature
TK , which is called Kondo temperature and gives the
energy scale of the system. However, convincing exam-
ples of lnT behavior caused by the orbital Kondo effect
are still lacking. For example the CEF doublet Γ3 system
PrTi2Al10 shows lnT behavior in ρ(T ) with maximum at
T ≃ 55K as will be shown in Fig.11 later.16, 25 The CEF
level structure has been determined by neutron scatter-
ing as shown in Fig.2.38 Since the thermal population
of first excited states (n = 2) cannot be neglected for
the temperature range T > 60K, the origin of the lnT
behavior may include magnetic exchange. More famous
candidate of the orbital Kondo effect is UBe13 where
ρ(T ) increases with decreasing T , and saturates around
T ∼ 40 K,15 which is in sharp contrast with ordinary
metals, and is often referred to as “non-Fermi liquid”.
Superconductivity emerges below about 1 K from this
non-Fermi liquid state15 as will be shown in Fig.11.17 It
is not trivial whether one can use the CEF picture in this
material since the neutron scattering has probed only a
broad feature.39
On the other hand, Kondo effect is not seen in resis-
tivity in such systems as PrAg2In
22 and PrMg3,
23 which
neither show any symptom of electronic order at least
down to 0.1 K. As a result, the T -coefficient of the spe-
cific heat becomes huge, reaching to several J/(mole·K2).
One of possible reasons for the absence of phase transi-
tion is splitting of the CEF doublet by crystalline disor-
der, which seems difficult to control in the Heusler struc-
ture22, 23 . Another reason may be that the orbital ex-
change J is negative, leading to ferro-coupling of f and
c quadruples. Unfortunately, there has been no detailed
study to evaluate J for non-Kramers doublet systems
taking realistic electronic structure. We concentrate from
now on to the case J > 0.
2.3 Nontrivial fixed point and perturbations
Let us briefly discuss the scaling theory and the non-
trivial fixed point for the model HKI. Following the ele-
gant idea of Nozie`res and Blandin,8 we consider the hy-
pothetical case where the number of screening channels is
an arbitrary integer n. The dimensionless coupling con-
stant g ≡ Jeffρc, with ρc = 1/(2D) being the density
of states of conduction band, obeys the renormalization
group (RG) (or scaling) equation:8
dg
dl
= −g2 + n
2
g3 +O(ng4, n2g5) (4)
with ℓ ≡ ln(Deff/D). The simplest method to derive
Eq.(4) will be the effective Hamiltonian formalism as de-
tailed e.g. in Refs.3, 41. The scaling means roughly that
the set (Jeff , Deff) gives the same low-energy physics as
the combination of the bare quantities (J,D). In other
words, Jeff represents the t-matrix of a conduction elec-
tron with energy Deff .
40
The fixed point of the RG corresponds to zero of the
RHS. Note that the third-order term has a factor n be-
cause of participation of all screening channels. If we have
Fig. 2. The CEF level structure determined by inelastic neutron
scattering in PrTi2Al20. The ground state (n = 1) is the CEF
doublet called Γ3, while the first excited state (n = 2) is the Γ5
triplet.38
4Fig. 3. Temperature-dependence of the effective interaction: (a)
lowest-order renormalization, (b) correct behavior in the ordi-
nary Kondo model, (c) third-order renormalization, (d) behavior
with the large bare coupling g > gc. In the ordinary Kondo model
(n = 1), (c) and (d) are wrong, but are qualitatively correct for
n ≥ 2.
a large value of n, which is actually unrealistic (but turns
out useful), we may neglect the O(g4) terms near the
fixed point. We obtain g = gc at the fixed point as
gc = 2/n, (5)
which is much smaller than unity with n≫ 1. Then the
neglected O(g4) terms are in fact smaller than the first
two terms in the RHS.
Remarkably, this argument in Ref.8 remains qualita-
tively valid down to the realistic case of n = 2. The
essence of the validity comes from the physical phe-
nomenon of “overscreening” that is common to all n (>
1). For example, if the local pseudo-spin makes a sin-
glet with a conduction pseudo-spin with channel σ, an-
other conduction channel σ¯ still keeps the active orbital
pseudo-spin. Hence the entropy of the system cannot go
to zero. Figure 3 illustrates the effective coupling as a
function of temperature T which corresponds toDeff . To-
gether with the renormalization to the non-trivial fixed
point, we also show the case of the ordinary Kondo model
including the renormalization at lowest order.
The non-trivial fixed point becomes unstable once the
SU(2)S⊗SU(2)O symmetry for spin and orbital spaces is
broken by an external perturbation. For example, sup-
pose that the orbital degeneracy of the local pseudo-spin
is slightly broken by uniaxial pressure, which can be rep-
resented as a pseudo-Zeeman term hzSˆz. Then the non-
trivial ground state will change into the decoupled CEF
singlet and the Fermi sea of conduction electrons with
no remaining entropy. The effective coupling g renormal-
izes to zero below the temperature corresponding to the
splitting.
On the contrary, if the orbital exchange becomes larger
for a channel than another, the effective coupling for that
channel goes to infinity, and the other goes to zero. The
ground state is a local Fermi liquid without residual en-
tropy. Thus these important (relevant) perturbations are
represented as:33
V z1 = h1Sˆ
z, V z2 = h2Sˆ · (sˆ↑ − sˆ↓), (6)
where V z1 has the pseudo magnetic field h1 that breaks
the non-Kramers degeneracy, and V z2 breaks the equiva-
lence of two spin channels. Because of the SU(2)S sym-
metry, we have also x, y components for V1, V2 as will
be shown shortly. Note that V z1 involves only localized
electrons, while V z2 is a composite object involving both
local and conduction parts. Hence V2 is more subtle and
nontrivial.
We now focus on V z2 and regard Sˆ · (sˆ↑ − sˆ↓) as the
z-component of a vector operator Ψ. In general the µ-
component Ψµ with µ = x, y, z is given by
Ψµ =
1
2
Sˆ · σabc†aσσµσρcbρ (7)
Here and in the rest of the present paper, we take the Ein-
stein convention, if obvious, to omit summation symbols
over repeated spin and orbital variables. It is convenient
to introduce the combinations Ψ± = Ψx ± iΨy giving
Ψ+ = Sˆ · σabc†a↑cb↓, Ψ− = Sˆ · σabc†a↓cb↑, (8)
which has flips of both real (↑, ↓) and pseudo (a, b) spins.
Let us consider the case where the degenerate conduc-
tion bands have a particle-hole (PH) symmetry, which
is realized if the degenerate conduction bands have flat
density of states ρc between the cut-offs ±D, and the
Fermi level is at the center of the band, i.e. µ = 0. With
the PH symmetry, HKI in Eq.(3) commutes with corre-
sponding generators. As an example we consider Pσ for
each spin (channel) σ defined by
PσcaσP
−1
σ = ǫabc
†
bσ, Pσc
†
aσP
−1
σ = ǫabcbσ, (9)
where ǫ = iσy is the antisymmetric unit tensor. For caρ
with ρ 6= σ, Pσ behaves as the identity operator. It fol-
lows then
Pσc
†
aσσabcbσP
−1
σ = c
†
aσσabcbσ, (10)
without summation over σ. Namely the PH transfor-
mation conserves the pseudo-spin. Since the interaction
in HKI depends only on the pseudo-spin, we obtain
[HKI, Pσ] = 0 under the PH symmetry.
By straightforward calculation we obtain
P↑Ψ
+P−1↑ =
1
2
Sˆ · (ǫσ)abǫσρcaσcbρ ≡ Φ ≡ Sˆ · t, (11)
P↓Ψ
+P−1↓ =
1
2
Sˆ · (σǫ)abǫσρc†aσc†bρ = Φ† = Sˆ · t†, (12)
where the quantities Φ and t are introduced. The op-
erator t annihilates a pair of conduction electrons with
channel singlet (Cs) and pseudo-spin triplet (St). Other
combinations of Pσ and Ψ
− give either Φ or Φ†. Here,
following the literature,21, 46 we use the labels C and S
indicating ‘channel’ and ‘spin’, and s and t indicating
‘singlet’ and ‘triplet’. This terminology is unfortunately
confusing here since ‘spin’ means actually pseudo-spin
(orbital) in our case, and ‘channel’ represents the real
spin. With this caveat, we follow the conventional terms
5for easy comparison with the literature.
With Pσ commuting with HKI, Hermitian operators
Ψµ (µ = x, y, z) and ΦR = (Φ + Φ
†)/2,ΦI = i
−1(Φ −
Φ†)/2 have the same fluctuation spectrum. The quintet
of operators thus represent a symmetry larger than the
obvious one: SU(2)S⊗SU(2)O. Namely, by incorporating
the PH symmetry, the system acquires the SO(5) sym-
metry or, equivalently, the Sp(4) symplectic symmetry.33
The operator Pσ belongs to the set of Sp(4) generators.
We shall return to this problem when we discuss the
symmetry aspect of order parameters in later sections.
3. Composite Diagonal Order
3.1 Relation to odd-frequency order
We now turn from the two-channel Kondo impurity to
the lattice (2chKL) as a model of f -electron systems with
non-Kramers doublets. The Hamiltonian is given by42
HKL =
∑
kaσ
εkc
†
kaσckaσ + J
∑
iσ
Sˆi · sˆiσ , (13)
which is to be compared with HKI.
In the lattice system, the residual entropy is removed
by spontaneous breaking of the symmetry, namely by an
electronic ordering. The simplest order has the mean-
field described by V z1 . Since this kind of order is con-
nected continuously with a simple multipole order of lo-
calized electrons, characteristics peculiar to two chan-
nels may not appear. On the other hand, another or-
der described by V z2 is more interesting since it breaks
the time-reversal symmetry even with zero magnetic mo-
ment: 〈sˆ↑− sˆ↓〉 = 0. In contrast with the ordinary Kondo
lattice that can stay paramagnetic down to zero temper-
ature, the 2chKL must have some kind of order because
of the remaining entropy otherwise.
Let us first discuss symmetry breaking of channels,
which usually corresponds to magnetic order of conduc-
tion electrons. We introduce the following operator de-
pendent on imaginary times:
Ochi (τ, τ
′) ≡ c†iaσ(τ)σzσρciaρ(τ ′). (14)
With a channel order, we obtain 〈Ochi (τ, τ)〉 6= 0. How-
ever, the channel symmetry is broken even if the equal-
time average is zero, provided 〈Ochi (τ, τ ′)〉 6= 0 for τ 6= τ ′.
In particular, if the following quantity including the τ -
derivative:
O(τ) ≡
∑
i
c†iaσ(τ)σ
z
σρ c˙iaρ(τ), (15)
has a finite average, the resulting order is an example
of odd-frequency (OF) orders, which will be discussed
in more detail later for superconductivity. Here we show
that this order is equivalent to the homogeneous order
of Ψz defined by Eq.(7). Namely the commutator with
HKL corresponding to the τ -derivative gives
O =
∑
k
εkc
†
kaσσ
z
σρckaρ + JΨ
z, (16)
where we have redefined
Ψz ≡ 1
2
∑
i
Sˆi · σabc†iaσσzσρcibρ, (17)
by including the site summation for the lattice system.
Let us consider how one can detect the composite or-
der Ψz. Obviously the most interesting is the experimen-
tal detection, which is discussed later. In the numerical
calculation for the 2chKL, the most powerful approach
at present is the combination of the continuous-time
quantum Monte Carlo (CT-QMC)43 and the dynamical
mean-field theory (DMFT).44 The basic idea is to use
the CT-QMC to solve the impurity problem in the ef-
fective medium, which is determined self-consistently by
the DMFT.13, 45 Here we do not go into details of numer-
ical methods, which have been reviewed in detail.43, 44
It is possible to check whether Ψz is finite or not at
each temperature by direct evaluation. At the transition
temperature, Ψz begins to be finite and its fluctuation
should diverge. However, it is difficult to compute the
corresponding response function since Ψz is a composite
object.
Since the τ -derivative form of O includes only con-
duction electrons, its response function may be derived
without including localized electrons explicitly. Aiming
at deriving the response function, we work with the two-
particle Green function:
χchij (τ1, τ2, τ3, τ4) = 〈TτOchi (τ1, τ2)Ochj (τ3, τ4)〉, (18)
where Tτ is the time-ordering operator. We perform the
Fourier transform to Matsubara frequencies εn = (2n +
1)πT as
χchq (iεn, iεn′) =
1
Nβ2
∑
ij
∫ β
0
dτ1 · · ·dτ4 χchij (τ1, τ2, τ3, τ4)
×e−iq·(Ri−Rj)eiεn(τ2−τ1)eiεn′(τ4−τ3). (19)
The response function of O is related to the derivative:
∂2
∂τ2∂τ3
χchij (τ1, τ2, τ3, τ4). (20)
The Fourier transform of Eq.(20) leads to factors iεn and
iεn′ . The τ -derivatives in Eq.(20) also give rise to a delta-
function part due to the time-ordering. In fact, one can
prove the following relation:12
1
N
∫ β
0
〈O(τ)O†〉dτ =
− 1
β
∑
nn′
εnεn′ χ
ch
q=0(iεn, iεn′)e
iεn0
+
eiεn′0
+
+
2
N
〈H〉,(21)
where convergence factors enter in frequency summa-
tions. The second term in the RHS comes from delta-
functions associated with the time-ordering. Because of
the second term, the sign of the first term is indefinite,
even though the LHS is positive definite. This point is
crucial in interpreting the numerical results for the OF
susceptibilities.
At the transition temperature to the ordering ofO, the
LHS and the first term in the RHS of Eq.(21) diverge. In
the numerical calculation, the summation over Matsub-
ara frequencies with convergence factors is very slow and
awkward. Therefore alternative scheme has been pro-
posed.21, 46 Namely, one regards χˆnn′ ≡ χchq=0(iεn, iεn′) as
6a matrix in the space of Matsubara frequencies. Then the
divergence in Eq.(21) means that the maximum eigen-
value of χˆ becomes infinity in the subspace of odd func-
tions of n. Let us consider then what happens if one
replaces εn by another odd function gn in Eq.(21). As
long as the eigen vector with the maximum eigenvalue
has a finite overlap with both εn and gn, the divergence
occurs at the same temperature. With this consideration
one may choose gn = tanh(εn/D) or simply gn = sgn(n).
These choices lead to much faster convergence in the fre-
quency summation.
Figure 4 shows the susceptibilities numerically derived
at half-filling nc = 2.
12 The staggered (AF) pseudo-spin
susceptibility in panel (a) corresponds to the choice:
Oorbi (τ, τ
′) ≡ c†iaσ(τ)σzabcibσ(τ ′), (22)
which actually corresponds to orbital degrees of freedom.
The even-frequency (EF) part diverges at T ∼ 0.082 with
the unitD = 1 for the half-width of the conduction bands
with semi-elliptic density of states. The OF part remains
finite for all temperatures. The homogeneous (F) chan-
nel susceptibility shown in panel (b) does not show any
indication of divergence for the EF part. On the other
hand, the OF part becomes negative as T decreases, and
then diverges from negative side at T ∼ 0.027. The diver-
gence indicates the onset of long-range order with Ψz. As
we have remarked, the divergence is independent of the
choice of gn although the magnitude of the susceptibility
at higher temperature does depend on gn.
Figure 5 illustrates the ordering pattern with the con-
duction electron number nc = 1, 2 per site.
12 Physically
the F channel order with Ψz in (d) describes the break-
down of the spin symmetry; the orbital Kondo insulator
appears involving down-spin α = 2 (σ =↓) of conduction
bands, while the up-spin (α = 1) conduction electrons
Fig. 4. Temperature dependence of 1/χeven and 1/χodd for half-
filled (nc = 2) conduction bands corresponding to (a) AF-
pseudo-spin (orbital) and (b) F-channel (real spin) susceptibil-
ities.12 Phase transitions are signaled by the zero crossing of
inverse susceptibilities.
Fig. 5. Schematic illustration of the ordered states in the
2chKL.12 Here α represents the channel 1 or 2 (up or down of
real spins), and the arrows show pseudo-spins. The shaded ovals
show an orbital Kondo singlet, and the open circles indicate the
absence of conduction electrons. The average occupation number
nc per site is 2 in (a), (b), (d) and 1 in (c).
make a Fermi liquid.11, 12 The different spatial distri-
butions of magnetic moments means the broken time-
reversal, although there is no net magnetization. In this
sense, the order parameter Ψz represents a state with
itinerant magnetic multipoles. If the non-Kramers de-
grees of freedom generates quadrupoles (hexadecapoles),
Ψz represents an itinerant octupole (triakontadipole) or-
der. However, the orbital RKKY interaction makes the
order (a) assigned as AF spin more stable than (d) with
nc = 2.
21 In the non-Kramers system, (a) actually rep-
resents the AF orbital order. On the other hand, the
AF-channel order (c), which is antiferromagnetism of
real spins, is most stabilized at nc = 1. The channel-
symmetry breaking in (c) and (d) is a characteristic
of the two-channel model, and cannot be explained by
the RKKY interaction. Namely the Hamiltonian (13) in-
cludes only the interaction between pseudo-spins rather
than channels.
Surprisingly, the F-channel (Ψz) order is converted to
a composite superconductivity by a unitary transforma-
tion. This is a consequence of the hidden SO(5) symme-
try as will be discussed in greater detail later. The overall
phase diagram of the 2chKL will be shown later in Fig. 8.
3.2 Single-particle spectrum
Now we consider the single-particle spectrum for the
F-channel order, which leads us to the simple effective
Hamiltonian at low energies. We define the spectrum for
the component a, σ by
Aaσ(k, ω) = − 1
π
ImGaσ(k, ω + iη), (23)
where η = +0. The single-particle Green function is given
by
Gaσ(k, z)
−1 = z − εk − Σaσ(z), (24)
where z is a complex energy and Σaσ(z) is the self energy.
In the DMFT, the wave-vector dependence enters into
the single-particle Green function only through εk.
The spectrum in the paramagnetic state has a broad
feature (not shown), which is consistent with the inco-
herent metallic state.42 The peak energy at each momen-
tum is almost the same as the non-interacting one.13 This
7Fig. 6. Spectra A(κ, ω) of conduction electrons with channel (a)
α = 1 (spin up) and (b) α = 2 (spin down).13 The intensity is
represented by different colors. See text for the definition of κ.
non-Fermi liquid behavior originates from interaction of
localized spins with overscreening degenerate channels.
In particular the Kondo singlet state cannot be formed.
Figure 6 shows the numerical result12, 13 in the or-
dered phase. The parameter κ is introduced by εk =
−D cosκ so that the spectrum is visualized as if in a
one-dimensional system. The spectrum for channel (real
spin) α = 2 is clearly characterized by a hybridization
with localized levels precisely at the Fermi level. On the
other hand, the spectrum for α = 1 shows a Fermi liq-
uid behavior with sharp Fermi surface. The broadening
becomes substantial away from the Fermi level. Near the
Fermi level, the Green function for both channels are pa-
rameterized as
Gaσ(k, z) ∼ aσ
z − aσεk − aσVσ2/z
, (25)
Σaσ(z) =
Vσ
2
z
+ bσz +O
(
z2
)
, (26)
where the renormalization factor is given by aσ = (1 −
bσ)
−1. For α = 1 (σ =↑), numerical analysis of the self-
energy13 gives a↑ ≃ 0.51 and V↑ ≃ 0.00 at T = 0.005.
This means that the conduction electrons with spin up
shows the Fermi-liquid behavior, and hybridization is ab-
sent. For α = 2 (σ =↓), on the other hand, the values
obtained are a↓ ≃ 0.43, V↓ ≃ 0.33. This indicates the
behavior of the Kondo insulator with effective hybridiza-
tion V↓. Thus, the spectrum displays the admixture of
the Fermi liquid and Kondo insulator. From Fig.6 it is
apparent that hybridization gap in down spins causes
lower kinetic energy than up spins. Then we recognize
that both constituents of the operator O in Eq.(16) have
non-zero average in the ordered phase.
Away from half filling, there emerges a doped Kondo
insulator for σ =↓ which behaves as heavy Fermi liquid
at sufficiently low temperature. The ordered phase in the
doped case then consists of two different Fermi liquids
dependent on channels.
The effective hybridization picture, which corresponds
to the strong-coupling limit (J → ∞), has already been
used for the standard Kondo lattice.2, 3 In the present
case, the channel-symmetry breaking is essential to real-
ize the effective hybridization. Namely, in the paramag-
netic state, we do not see any indication of hybridization
in contrast to the ordinary Kondo lattice.
4. Composite superconductivity
4.1 SO(5) symmetry at half-filling
We have shown for the impurity system that lead-
ing fluctuations consist of a three-component vector Ψ,
Eq.(7), and pairing fluctuations Φ,Φ†, Eq.(12). With the
PH symmetry in half-filled conduction bands, these five
fluctuations have exactly the same spectrum. The under-
lying SO(5) symmetry remains effective also for the lat-
tice system described by HKL. In particular a symmetry-
broken ground state has the same energy with other four
symmetry-broken states. Moreover, the excitation spec-
tra are also common to these ordered phases as will be
demonstrated in section 4.4.
Let us proceed to off-diagonal orders with particular
attention to the symmetry aspect. We assume the bi-
partite lattice with A, B sublattices, and introduce the
site-dependent PH transformation:
P↓cia↓P
−1
↓ = ±ǫabc†ib↓ (27)
where the sign factor is +1 for A and -1 for B sublattices.
Equivalently one may use exp(iQ ·Ri) = ±1 with Q cor-
responding to the staggered order. Because of the phase
factor, the hopping term between the nearest-neighbor
sites remains the same under the PH transformation. The
invariance can be illustrated by the hopping of spin-down
electrons:
tc†AacBa → −tcAbc†Bb = tc†BbcAb, (28)
where the site indices are replaced by the sublattice in-
dices A and B, and the spin indices are omitted. The
up-spin electrons are not affected by P↓.
The PH transformation P↓ for Ψ
+ gives
P↓Ψ
+P−1↓ =
1
2
∑
i
eiQ·RiSˆi · (σǫ)ab ǫσρc†iaσc†bρ
≡ Φ(Q)†, (29)
which is to be compared with Eq.(12) for the impurity
system. Here Φ(Q)† represents a staggered and compos-
ite superconducting order. In the same way, we can show
P↓Ψ
−P−1↓ = Φ(Q), P↓Ψ
zP−1↓ = Ψ
z. (30)
On the other hand, explicit calculation shows
P↓Φ(Q)P
−1
↓ = −Ψ−, (31)
which also follows immediately from the definition given
by Eq.(27).
8Fig. 7. Illustration of the local composite pair where ± represents
pseudo-spins, and arrows indicate channel (real spin) indices. (a)
|CsSt1〉 ⊗ |−〉 and (b) |CsSt0〉 ⊗ |+〉.
4.2 Strong-coupling limit
It is instructive to take the strong coupling limit for
visualizing the nature of composite order Φ. Suppose we
have a doublet of either (i) pseudo-spin or (ii) channel
at each site. In each case, we can combine the doublets
of two sites to make a singlet. For a finite-sized Hamil-
tonian, however, we cannot have the symmetry-broken
eigenstate. Hence we shall deal with local eigenstates of
the Hermitian operator ΦR = (Φ + Φ
†)/2.
Let us begin with the case (i) for a single site. We start
from the state |0〉 ⊗ |±〉 ≡ |0±〉 where |0〉 is a vacuum
of conduction electrons, and |±〉 is the f -state doublet.
Then we obtain
Φ†|0〉 ⊗ |+〉 = 2|CsSt1〉 ⊗ |−〉+ |CsSt0〉 ⊗ |+〉
≡
√
5|2+〉, (32)
where the pseudo-spin triplets of two electrons with z-
components 1,0 are given by
|CsSt1〉 = c†+↑c†+↓|0〉, (33)
|CsSt0〉 = 1
2
σxabǫσρc
†
aσc
†
bρ|0〉, (34)
Figure 7 illustrates these states. On the other hand, start-
ing from |0˜〉 ⊗ |+〉 ≡ |0˜+〉 where |0˜〉 is the fully occupied
state with nc = 4, we obtain the same state by
Φ|0˜+〉 =
√
5|2+〉 = Φ†|0+〉. (35)
Hence ΦR = (Φ+Φ
†)/2 is represented by a 3× 3 matrix
with the basis set |0+〉, |2+〉 and |0˜+〉. We can repeat
the same analysis starting from |0−〉. The eigenvalues
xµ and corresponding eigenvectors φµ(a) with µ = 0,±
and a = ± are derived as
x0 = 0 : φ0(a) =
(|0a〉+ |0˜a〉) /√2, (36)
x± =
√
10 : φ±(a) = |2+〉/
√
2± (|0a〉+ |0˜a〉) /2.
(37)
We now consider two-site system and combine the
states φiµ(a) with µ = ± for the sites i = 1, 2 to make
a pseudo-spin singlet. We obtain both homogeneous and
staggered states, the latter of which is given by
φ12(Q) ≡ 1
2
ǫabǫµνφ1µ(a)φ2ν (b), (38)
with the eigenvalue 2
√
10 for Φ1R−Φ2R, while zero eigen-
value for Φ1R+Φ2R. Furthermore the state is the singlet
of both channel and pseudo-spin.
In the case (ii) we only briefly sketch the construction.
Let us start from the state χσ described by
χσ =
1√
2
ǫabc
†
aσ|b〉, (39)
where |b〉 with b = ± represents the doublet of local f -
electron states. The state χσ is channel (σ) doublet (Cd)
and pseudo-spin singlet (Ss). Application of Φ† to χσ
creates another doublet with nc = 3, and further appli-
cation of Φ brings back to χσ. Thus ΦR is represented
by a 2 × 2 matrix proportional to σx. Proceeding in a
similar manner as in the case (i), we obtain a staggered
CsSs state where Φ1R−Φ2R is finite. Note that inclusion
of transfer of electrons between the sites 1,2 mixes the
singlet states of (i) and (ii).
In the half-filled case nc = 2, the wave function of
the symmetry-broken macroscopic state consists of lin-
ear combination of the products of local states obtained
above. Without the transfer term, the expectation value
of the Hamiltonian is the same in the staggered and ho-
mogeneous Φ states. With the transfer term, however,
only the staggered state is degenerate with the Ψµ order
which gains the kinetic energy by homogeneous symme-
try breaking.
4.3 Staggered odd-frequency order
As in the case of diagonal orders, the composite off-
diagonal order can be regarded as an odd-frequency (OF)
order of conduction electrons.19, 20 This identification is
very useful in deriving the phase transition numerically
from the disordered side. Namely, one can search for di-
vergence of the OF response function including only con-
duction electrons, which is much simpler than treating
the composite operator directly.
We explain more details of the OF order taking a pair-
ing function with symbolic notation:
Fµν(τ) ≡ −〈Tτcµ(τ)cν〉 = ψ0 + τψodd + τ2ψ2 + · · · ,
(40)
where µ, ν are quantum numbers such as spin, orbital
or momentum. If ψ0 = 〈cµcν〉 6= 0, we have an ordi-
nary pairing. On the other hand, if we have ψ0 = 0 but
ψodd = 〈c˙µcν〉 6= 0, there is no ordinary pairing, but the
gauge symmetry is surely broken. Such state is called
the OF pairing in the literature.19, 48, 50 The anticommu-
tation property of fermions requires:
Fµν(τ) = −Fνµ(−τ). (41)
Without exchange of the indices µ, ν, however, the τ -
dependence is in general neither even nor odd. For ex-
ample, it is possible to have ψoddψ2 6= 0 in Eq.(40). We
shall present such an example later in Eq.(75). The cru-
cial point of the exotic pairing is not so much the tempo-
9ral parity but that Fµν(τ) 6= 0 with τ 6= 0, even though
ψ0 = 0. This is evident if one considers systems with-
out inversion symmetry where the spatial parity is not
conserved. Then the temporal parity is mixed even for
simple pairings.51
The fermionic symmetry is made explicit in the fre-
quency space as
Fµν(z) =
∑
mn
ρn + ρm
z − En + Em (cµ)mn(cν)nm
= −Fνµ(−z), (42)
F¯νµ(z) ≡
∑
mn
ρn + ρm
z − En + Em (c
†
ν)mn(c
†
µ)nm
= Fµν(z
∗)∗ (43)
where ρn is the statistical weight of each grand-canonical
state n which is superposition of different electron num-
bers. Hence the corresponding energy En includes the
chemical potential, and z denotes complex frequency ap-
pearing through analytic continuation from Matsubara
frequencies iεn.
3 Precisely speaking, the gauge-broken
states characterized by ρn are meaningful only in the
thermodynamic limit with the quasi-average.52
In analogy to Ψz, we regard Φ(Q) as a part of the
corresponding odd-frequency order parameter. Namely
we define
O(Q) = ǫσρǫab
∑
i
exp(iQ ·Ri)ciaσ c˙ibρ
≡ O1(Q) +O2(Q), (44)
where the decomposition is analogous to Oz in Eq.(15),
as given by
O1(Q) = ǫabǫσρ
∑
k
εkckaσc−k−Q bρ,
O2(Q) = JΦ(Q). (45)
Note that the staggered nature of O1(Q) is analogous
to the η-pairing.53 The differences however are first the
presence of orbital degeneracy, and secondly the factor εk
in the k-summation. The latter implies the finite pairing
amplitude at different sites, since εk corresponds to the
transfer tij between sites i, j in the site representation. As
in the case of Eq.(16), both O1(Q),O2(Q) acquire finite
value in the ordered phase. Hence the on-site composite
pairing mixes with an off-site EF pairing.75
Let us introduce the following operators dependent on
imaginary times to describe possible pairings:
OCsSsi (τ, τ
′) = ǫabǫσρciaσ(τ)cibρ(τ
′), (46)
OCtSsi (τ, τ
′) = ǫabciaσ(τ)cibσ(τ
′), (47)
OCsSti (τ, τ
′) = ǫσρciaσ(τ)ciaρ(τ
′), (48)
OCtSti (τ, τ
′) = ciaσ(τ)ciaσ(τ
′). (49)
where the triplet (t) has picked up the simplest compo-
nent (dy) out of the general combinations specified by
the d-vector.3
Note that OCsSsi (τ, τ) = O
CtSt
i (τ, τ) = 0 due to the
Pauli principle. In order to calculate susceptibilities, we
introduce the two-particle Green function by
χCSij (τ1, τ2, τ3, τ4) = 〈TτOCSi (−τ2,−τ1)†OCSj (τ3, τ4)〉
where CS represents one of the labels in Eqs. (46–49).
Using this quantity and the τ -derivatives as in Eq.(20),
we define the even-frequency (EF) and OF pairing sus-
ceptibilities χCSq with CS→ EF,OF by
χEFq =
1
β
∑
nn′
χEFq (iεn, iεn′), (50)
χOFq =
1
β
∑
nn′
gngn′χ
OF
q (iεn, iεn′), (51)
where EF corresponds to CsSt or CtSs, while OF to CsSs
or CtSt.
For the OF pairing, a form factor gn = sgn εn makes
the calculation much easier than using εn
21, 46, 54 The
EF susceptibility must be positive definite. On the other
hand, the OF susceptibility given by Eq. (51) has the ad-
ditional contribution corresponding to the second term
in the RHS of Eq.(21). Then the sign of the OF suscepti-
bility is indefinite. It seems that the additional contribu-
tion was overlooked in Refs.14,21, where the sign change
of the response function was interpreted as a first-order
transition. The lowest temperature in the previous cal-
culation is apparently still higher than the instability to-
ward an OF order.
Figure 8(a) shows the temperature dependence of χCSq
at J = 0.8 and nc = 1.5.
13 Here the two ordering
vectors q = 0 and q = Q are considered, which are
called ferro (F) and antiferro (AF), respectively. Among
the eight susceptibilities, only the one with AF-CsSs di-
verges at Tsc ≃ 0.024 signaling the onset of the staggered
OF superconductivity. Note that the divergence occurs
from the negative side as temperature is decreased. Since
the normal state of the 2chKL is a non-Fermi liquid as
seen in electrical resistivity42 and thermodynamic quan-
tities,13 the present system becomes superconducting di-
rectly from the non-Fermi liquid. Figure 9 shows a model
calculation55 of the resistivity, which is consistent with
the original result42 except for detection of superconduc-
tivity.
Together with the diagonal orders that have been ob-
tained in a similar manner,13 the phase diagram of the
2chKL is completed as shown in Fig. 8(b). Here the di-
agonal orders are characterized by the vector operators
Sˆ(q) =
∑
i
Sˆie
−iq·Ri , (52)
τc(q) =
∑
i
σσρc
†
iaσciaρe
−iq·Ri , (53)
Ψ(q) =
1
2
∑
i
(Sˆi · σab)σσρc†iaσcibρe−iq·Ri , (54)
which describe localized pseudo-spin or orbital (Sˆ), itin-
erant real-spin or channel (τc), and composite (Ψ) or-
ders, respectively. The instability toward superconduc-
tivity is found in almost all range of the filling unlike the
diagonal orders. This feature seems characteristic of off-
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Fig. 8. (a) Inverse susceptibilities for EF and OF pairings with
uniform (F) or staggered (AF) order. (b) Phase diagram of the
2chKL in the plane of filling (nc) per site and temperature (T )
at J = 0.8. Here “AF spin” means the antiferro pseudo-spin
(orbital) order, and “F channel” means the ferromagnetic order,
for example. The inset shows the J dependence of the transition
temperature at nc = 1.5. The dotted lines in (b) indicate phase
boundaries with metastable paramagnetic phase where another
order has already set in at higher temperature.13
Fig. 9. Temperature dependence of the resistivity in 2chKL in-
cluding the superconducting transition at Tc. At filling nc = 1.5,
the superconductivity has the highest transition temperature ac-
cording to Fig.8. The empty circles below Tc shows resistivity in
the metastable normal state.55
diagonal orders as also seen in the attractive Hubbard
model.57
The inset of Fig. 8(b) shows the transition temperature
at nc = 1.5 as a function of J , where only the supercon-
ductivity is found at T ≥ 0.001. Note that the transition
temperature for J . 0.8 scales with the Kondo temper-
ature TK ∝ exp[−1/ρ(µ)J ] derived in the weak coupling
Fig. 10. Single-particle spectrum in the composite superconduct-
ing state.55 At half-filling nc = 2, the spectrum is the same as
that of the Ψz order, which is shown in Fig.6, provided contri-
butions from each channel are summed.
limit. The value J = 0.8 was chosen simply for easier
calculation, but it turns out that the value is still in the
regime following the weak coupling behavior.
In closing this subsection we mention the result for a
related model called the two-channel, or SU(2)×SU(2),
Anderson lattice.14, 46 It has been reported that a ho-
mogeneous OF pairing with the CtSt symmetry is re-
alized only in the presence of charge fluctuation of f -
electrons.46 Here the calculation uses the extension of
the resolvent method called the NCA.2, 3 It is highly de-
sirable to check the result with more accurate numerical
methods such as the CT-QMC.
4.4 Quasi-particle spectra
At half filling, the transition temperatures for the AF-
CsSs [Φ(Q)] and F channel [Ψ(0)] orders are the same
within the numerical accuracy as seen in Fig. 8(b). This
degeneracy is a consequence of the SO(5) symmetry. Let
us explore further consequence of the symmetry in exci-
tation spectra. For this purpose we take the total single-
particle spectrum defined by
A(k, ω) ≡ − 1
π
Im Tr G(k, ω + iη), (55)
where the Green function is regarded as a 4 × 4 matrix,
and Tr means summation over pseudo-spin (a) and chan-
nel (σ) indices.
Figure 10 shows the numerical result in the super-
conducting phase.55 Surprisingly, the spectrum looks ex-
actly like the spin sum in the Ψz ordered phase shown
in Fig.6, even though the nature of the superconducting
order is very different from the diagonal composite order.
To understand the identical spectrum, we work with the
Nambu representation of the Green function with eight
components ν = 1, . . . , 8:
ψν(k) = (caσ(k), haσ(k)), (56)
where caσ corresponds to ν ≤ 4, while haσ corresponds
to ν ≥ 5. The latter can be identified as hole annihilation
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operators defined by
haσ(k) = ǫabǫσρcbρ(−k +Q)†. (57)
We have seen that the PH transformation P↓ changes the
operator Ψ+ to Φ†, or equivalently Ψ− to Φ. Namely,
starting from an ordered state |ψ−〉 with 〈ψ−|Ψ−|ψ−〉 6=
0, we obtain
〈φs|Φ(Q)|φs〉 6= 0, (58)
where φs = P↓ψ
− has the same energy as ψ−. If a physi-
cal quantity is invariant under P↓, the expectation value
of the quantity is common to the ordered states ψ− and
φs. We now show that the quantity
ψν(τ)ψ
†
ν (59)
summed over eight components remains invariant un-
der P↓. More generally, any transformation S within the
SO(5) symmetry gives
SψνS
−1 = ψµUµν , (60)
with {Uµν} being a unitary matrix. Then summation
over the components ν gives
Sψν(τ)ψ
†
νS
−1 = ψν(τ)ψ
†
ν . (61)
Taking S = P↓, in particular, we obtain
〈φs|Sψν(τ)ψ†νS−1|φs〉 = 〈ψ−|ψν(τ)ψ†ν |ψ−〉, (62)
Hence the Fourier transform TrG is also common to di-
agonal and off-diagonal orders. Repeating the same argu-
ment for each excited state, we conclude that the spec-
trum at finite temperature is also identical between Φ
and Ψz orders.
The unitary matrix in Eq.(60) generates a new Green
function matrix associated with the new basis set. Hence
not only the trace but the determinant detG is also com-
mon to different order parameters. The latter invariance
is explored in the next section.
5. Virtual hybridization
Let us interpret the electronic spectrum with the com-
posite order more intuitively. In the case of Ψz as shown
in Fig.6, the quasi-particles consist of two branches: the
Fermi liquid branch and the Kondo insulator branch. The
effective orbital exchange for the up-spin channel goes to
zero, while that for the down-spin channel goes to infin-
ity, or vice versa. Namely, the intermediate value of Jeff
in the impurity system breaks up into two extreme ones
by symmetry breaking, which we can use for constructing
a fixed point model for the Ψz order. Then, by using the
fact that the SO(5) symmetry persists in the total spec-
trum in the ordered phases, we identify the fixed-point
model for the superconducting state.
In the case of Ψz order, the Green function is diagonal
with respect to the orbital and spin indices. In order to
compare with the superconducting order Φ, it is conve-
nient to use ψν(k) in Eq.(56) as the basis set. Namely
the subset is taken as the pair (caσ(k), haσ(k)) for each
(a, σ). Let us take the channel σ =↓. Then the Green
function for each pseudo-spin is given by
GΨ(k, z)
−1 =
(
z − ǫk − 2V 2/z 0
0 z − ǫk
)
. (63)
The parameter V describes the hybridization with ficti-
tious resonant level that comes from Kondo correlations.
Using the gauge degrees of freedom in the conduction
band, it is possible to take V to be real and positive.
There is no hybridization for the down-spin hole (second
row) that corresponds to the up-spin electron. The hole
energy becomes the same as the particle energy in the
first row by the relation −ǫ−k+Q = ǫk.
For σ =↑, on the other hand, the diagonal elements
in the Green function are interchanged from those in
Eq.(63). In this case the up-spin hole (i.e. down-spin elec-
tron) has hybridization. By arranging the four 2×2 Green
functions diagonally, we recover the original 8×8 matrix
as the Nambu representation.
The single-particle spectra described by GΨ(k, z) have
the following three branches:
E0(k) = ǫk, E±(k) =
1
2
(ǫk ± ǫ˜k), (64)
with ǫ˜k ≡ (ǫ2k + 8V 2)1/2.
Let us now proceed to the Green function in the
CsSs superconducting order Φ which is characterized by
〈caσ(k)†haσ(k)〉 6= 0. Since neither orbital nor channel
symmetry is broken in the CsSs state, we must have
equivalent diagonal elements for different channels in the
Green function. Moreover, by the SO(5) symmetry, we
should have
detGΦ(k, z) = detGΨ(k, z). (65)
Thus the Green function of the Φ order is constrained to
the form:
GΦ(k, z)
−1 =
(
z − ǫk − V 2/z −eiφV 2/z
−e−iφV 2/z z − ǫk − V 2/z
)
, (66)
where φ describes the global relative phase between par-
ticles and holes, which is set to φ = 0 in the following.
It is evident that GΦ(k, z) is PH symmetric including
hybridization. The off-diagonal part of hybridization in-
dicates that the virtual zero-energy state hybridize with
both particles and holes, which is impossible without
gauge-symmetry breaking. The Hamiltonian of the ef-
fective hybridization can be written as
HΦ−hyb = V
∑
i
f †iaσ(ciaσ + hiaσ) + h.c., (67)
where f †iaσ creates a fictitious fermion with zero energy,
and hiaσ is Fourier-transform of the hole operator given
by Eq.(57). Note that the fictitious f states newly acquire
the channel degrees of freedom by symmetry breaking to
Φ. Note also that the effective hybridization is smaller
by the factor 1/
√
2 than that in the Ψz state where hy-
bridization works only for a single channel as shown in
Eq.(63).
In terms of the fixed-point model, the composite or-
ders are regarded as symmetry-breaking hybridization.
For example, the order parameter Ψz with broken chan-
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nel symmetry can be rewritten as
Ψz = C
∑
i
f †iaσσ
z
σρciaρ + h.c., (68)
with C being a dimensionless constant. In the case of
Φ-order, we can rewrite O2(Q) in Eq.(44) as
O2(Q) = C′V
∑
i
(
f †iaσ + e
iQ·Riǫabǫσρfibρ
)
ciaσ, (69)
with C′ another dimensionless constant. Here gauge and
translational invariances are broken, while orbital and
channel symmetries are preserved.
As seen from Eq.(65), the three branches of quasi-
particles have the same spectra as those in the diagonal
order Ψz. One of the branches with the spectrum ǫk cor-
responds to the mixture of particles and holes as given
by
daσ(k) =
1√
2
[caσ(k) + haσ(k)]. (70)
Thus the excitation branch in Fig.10, which looks the
same as the original conduction band, consists actually of
Bogoliubov quasi-particles. However, the weight of parti-
cles and holes is independent of momentum in strong con-
trast with quasi-particles in BCS superconductors. The
equal weight of particles and holes means that daσ(k) de-
scribes a neutral particle. On the other hand, the other
two branches in Fig.10 consist of momentum-dependent
PH superpositions, together with hybridization with fic-
titious resonant states.
Let us now derive the time dependence of the anoma-
lous Green function, and analyze the implication of
Eq.(40) in more detail. We make the spectral resolution3
GΦ(k, z) =
∫ ∞
−∞
dǫ
z − ǫ Iˆ(k, ǫ), (71)
where Iˆ is the spectral intensity matrix given by47
Iˆ(k, ǫ) =
∑
ν=0,±
[Aν(k) + σ
xBν(k)] δ(ǫ− Eν(k)), (72)
with ν = 0,± specifying the branch of quasi-particles.
Each weight is given by
A0(k) = 1/2, B0(k) = −1/2, (73)
A±(k) = B±(k) = (1± ǫk/ǫ˜k)/4. (74)
The anomalous Green function, which is the off-diagonal
element of GΦ(k, z), is neither even nor odd function
of z. This is to be compared with the odd off-diagonal
part in Eq.(66) which represents the pair potential in the
mean-field theory.
The Green function with the imaginary time τ is given
by3
GΦ(k, τ) =
∫ ∞
−∞
dǫ [f(ǫ)− θ(τ)] e−τǫIˆ(k, ǫ), (75)
where f(ǫ) is the Fermi distribution function, and θ(τ) is
the step function. We consider the limit τ → 0 in the off-
diagonal element of GΦ(k, τ). There is no discontinuity
at τ = 0 since ∑
ν=0,±
Bν(k) = 0, (76)
as a consequence of Eqs.(73), (74). However, the anoma-
lous Green function remains finite in the equal-time limit,
which looks like a contradiction to OF pairing, but can
be understood in terms of the mixing with off-site EF
pairing.75 Indeed, the local amplitude given by summa-
tion over k does vanish. This is because the off-diagonal
element
∑
k I12(k, ǫ) is an even function of ǫ as a conse-
quence of ǫ−k+Q = −ǫk.
It is instructive to compare Eq.(66) with the Green
function of the conventional BCS state. The latter is
given with the basis set (ck↑, c
†
−k↓) as
GBCS(k, z)
−1 =
(
z − ǫk −∆
−∆∗ z + ǫk
)
≡ z − Hˆ(k), (77)
where Hˆ(k) is the k-component of the mean-field Hamil-
tonian with the pair potential ∆. The particle and
hole energies here have opposite signs in contrast with
Eq.(66). This is because the superconducting order is ho-
mogeneous, and the PH symmetry connects the same en-
ergy by the relation hk↑ = c
†
−k↓. Since detGBCS(k, z) is
an even function of z, the off-diagonal part of GBCS(k, z)
is also an even function of z. This is to be contrasted to
GΦ(k, z) given by Eq.(66) where detGΦ(k, z) is neither
even nor odd function of z.
6. Relevance to real f-electron systems
6.1 Continuation to energy-band picture
We discuss possible relevance of results obtained for
2chKL to real physical systems. First of all, we have to
mention that f -electrons in actual materials have a wide
variety from localized to itinerant characters. The 2chKL
is applicable only if the charge fluctuation of f -electrons
is negligible at low energies. In the opposite limit, the
energy-band picture applies. Then the ground state can
either be ordered or paramagnetic, but the non-Fermi
liquid never appears as the ground state.
This restriction of the 2chKL should be kept in mind
in understanding the resistivity ρ(T ) in the paramag-
netic phase. In the 2chKL, the expected T -dependence
has been shown in Fig.9. There is no decrease as T goes
down to transition temperature Tc of superconductiv-
ity. As shown in Fig.11, however, ρ(T ) in actual materi-
als has a decrease slightly above Tc. This is interpreted
as a tendency to become a Fermi liquid by charge fluc-
tuations. Note, however, that the Fermi liquid cannot
be realized even if charge fluctuations are included in a
limited manner, as in the case of the two-channel An-
derson lattice.14, 46 In the impurity case, namely in the
two-channel Anderson model, the fixed point is again a
non-Fermi liquid for any degree of charge fluctuations.
This result has been derived by the Bethe ansatz,58 and
by the numerical renormalization group.59
In the ordered phase, in contrast, we may argue that
the composite orders are well described by the 2chKL.
This is because the symmetry breaking results in effective
hybridization either for a single channel (Ψz order) or
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both channels (Φ order). In this way the system escapes
from the non-trivial fixed point of the impurity model,
and goes to the extremes J = 0 and/or J =∞.
6.2 Diagonal orders
At half-filling of the conduction bands, the staggered
orbital order, namely the antiferro quadrupole (AFQ) or-
der, has the highest transition temperature, as shown in
Fig.8. With much lower density of conduction electrons,
the homogeneous orbital order, namely ferro quadrupole
(FQ) order is most stabilized. These orders are real-
ized by the orbital version of the RKKY interactions,
and the Kondo effect is not essential. In actual Pr sys-
tems with the doublet CEF ground state, the AFQ is
often observed as in PrIr2Zn20.
60 On the other hand,
PrTi2Al20 has a ferro quadrupole (FQ) order at zero
pressure.38 Interestingly, the entropy of PrV2Al20 at the
presumed AFQ transition is only ∼ 0.5 ln 2,18 in contrast
to the standard value ln 2 as in the case of PrTi2Al20.
It seems that PrV2Al20 has stronger hybridization than
PrTi2Al20, and it is desirable to study the nature of the
order in more detail.
Fig. 11. Temperature-dependence of the resistivity in PrTi2Al20
under pressure16 (upper panel), and in UBe13 under magnetic
fields17 (lower panel).
Fig. 12. Specific heat and entropy associated with (a) the AF
pseudo-spin, and (b) the composite order Ψz.13 The entropy
includes contribution from conduction electrons. See text for de-
tails.
Suppose that ordinary AFQ is suppressed by some rea-
son, and the composite Ψz order sets in from the para-
magnetic phase. Figure 12 shows the specific heat and
the entropy associated with each transition.13 Numerical
calculation gives the entropy at the AFQ transition is
about 1.35 ln2, while at the Ψz transition about 0.79 ln 2.
Hence, the two diagonal orders may be distinguished by
the entropy. One may naturally ask about the change of
entropy associated with the transition. For this purpose
one can estimate and remove the contribution in the hy-
pothetical disordered state below TFchan. It turns out that
C(T )/T remains almost constant in the hypothetical dis-
ordered state, and the corresponding entropy amounts to
0.24 ln 2 at TFchan.
13 Hence the composite order removes
the entropy by (0.79−0.24) ln2 which is close to 0.5 ln 2.
With the homogeneous order Ψz(0), the correlation
〈Sˆ · sˆσ〉 of pseudo-spins (orbitals) at each site depends
on σ. As shown in Fig.5(d), spin-down (α = 2) conduc-
tion electrons make the orbital singlet together with the
localized pseudo-spin, while the spin-up (α = 1) elec-
trons remain essentially free. The resultant distribution
of each spin in a unit cell should be different as illustrated
in Fig.13. Although the difference of the spin distribution
is small because it comes from conduction electrons, the
deviation of the form factor from the crystalline sym-
metry may be detected experimentally. The resultant
anomalous Bragg intensity can in principle be probed
by resonant X-ray scattering and spin-polarized neutron
scattering.
The most intriguing candidate material to realize the
Ψ order is URu2Si2 which has a phase transition called
the hidden order (HO) with large anomaly in specific
heat. In spite of great effort of 30 years,61 the HO has
still escaped identification of its order parameter. It is
clear that the 2chKL model cannot faithfully describe
URu2Si2 because the charge fluctuation of f electrons in
URu2Si2 is strong enough to form the hybridized Fermi
surface, which has been observed by de Haas-van Alphen
14
Fig. 13. Distributions of real spins (arrows) corresponding to itin-
erant octupoles where the vector order parameter Ψ points along
(110). The (001) axis is perpendicular to the plane. The solid and
dashed ovals show fluctuating pseudo-spin, i.e., orbital.
effect.61, 62 In addition, AF magnetic order appears un-
der pressure.63 These aspects require more complicated
f -shell structure than described by the 2chKL. However,
if URu2Si2 indeed orders with the composite order pa-
rameter, the property in the ordered phase may be within
the scope of the 2chKL. Since the crystalline symmetry
of URu2Si2 is tetragonal, the CEF states replacing the
non-Kramers doublet is either Γ5 doublet
64 with dipole
moment along the c-axis, or two singlets.36, 65 If the split-
ting of singlets is smaller than TK in the latter case, the
orbital Kondo effect can be effective36, 37 and the compos-
ite order may be formed. However, Ψz and Ψx,Ψy are no
longer degenerate. Figure 13 illustrates the possible spin
distribution where we have assumed stable directions as
±(Ψx +Ψy).
With tetragonal symmetry, there should be four equiv-
alent domains composed of ±(Ψx±Ψy). With compara-
ble distribution of these domains, the macroscopic sym-
metry may look like tetragonal. Even in such cases, the
resonant X-ray scattering with E2 (quadrupole) process
may be able to detect the octupole order by rotation of
the polarization in the scattered light. However, if the
pseudo-spin corresponds to hexadecapoles, the E2 pro-
cess is still insufficient to probe the composite order that
corresponds to triakontadipoles.
Another powerful experimental method to probe the
multipole moment is the polarized neutron scatter-
ing.9, 66 For URu2Si2, induced magnetic form factor has
been measured with magnetic field along the c-axis, and
some change of the magnetization density has been re-
ported.66 We propose a new experiment where the mag-
netic field is applied in the ab-plane, which may probe
possible moment distribution illustrated in Fig. 13. Then
the magnetic form factor can provide crucial information
of the order parameter.
If the HO is homogeneous, the phase transition will
be a crossover under external magnetic field that couples
with the order parameter. As a consequence, the sharp
anomaly in the specific heat should become rounded with
increasing magnetic field in the ab-plane. If the broaden-
ing of the specific heat is indeed observed, the homoge-
neous nature of the HO will be established even though
it may not be sufficient to identify the composite order
Ψ.
6.3 Off-diagonal orders
It is nontrivial whether the off-diagonal order Φ indeed
shows the superconducting property. The most funda-
mental is the Meissner effect. In ordinary superconduc-
tors, the phase rigidity against change by external mag-
netic field is the origin of the Meissner effect. Since the
gauge symmetry is spontaneously broken also in com-
posite or OF superconductors, the phase rigidity should
be present provided the ordered state is indeed stable
against disordered state for small enough magnetic field.
It has been shown by direct calculation of the Meissner
kernel47 that there is indeed the Meissner effect in the Φ
order in spite of the gapless spectrum. The magnitude,
however, is at most half of the BCS value in the strong-
coupling limit. In the weak coupling case, the magnitude
is even reduced.
As shown in Fig. 10, half of the density of states re-
mains the same as in the normal state. Hence the Fermi
surface keeps the original shape but with the weight re-
duced to half. This spectrum is very different from line
or point nodes in anisotropic gapless states. The specific
heat behaves in the same way as shown in Fig.12 (b).
Another conspicuous signature of the staggered or-
der is emergence of a gapless Nambu-Goldstone mode.67
In contrast with the homogeneous pairing where the
Anderson-Higgs mechanism leads to the plasmon gap in
the Nambu-Goldstone mode,68, 69 the staggered pairing
is free from the gap generation. For the moment, we are
not aware of experimental reports of superconductivity
that is consistent with this property of the specific heat.
7. Comparison with related systems
7.1 Implication to homogeneous OF pairing
Berezinskii first proposed the OF pairing (s-wave
triplet) as a candidate for the superfluid state in 3He
with strong repulsion between He atoms.48 It has been
revived in 1990’s, in connection to high temperature su-
perconductivity in cuprates.19, 49, 50 In most of the litera-
ture, the OF superconductivity is assumed to be spatially
homogeneous. However, it has been argued in the weak-
coupling limit70 that the OF pairing leads to higher free
energy than the normal state. Then the ordered state
is not stable. Furthermore, the Meissner effect in the
weak-coupling model becomes negative.71 On the other
hand, in composite pairing models,20, 71 it has been ar-
gued that the Meissner effect is small but positive. There
are even arguments72–74 that cast doubt on the basic
fermionic symmetry Eq.(43), which is the key to the un-
stable OF paring.70 Thus considerable confusion is still
present about the homogeneous OF state. Here we shall
briefly comment on the issue in the light of recent theo-
retical results.47, 77
In most of the previous OF theories, the normal part
of the self-energy has been neglected in the spirit of the
weak-coupling theory. However, it has been recognized
that the OF pairing requires a coupling constant beyond
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certain threshold value.20 Hence one should be careful
about the validity of the weak-coupling theory, especially
concerning the change of free energy near the OF phase
transition.
In fact, the Green function in Eq.(66) has the nor-
mal (diagonal) self-energy as the essential ingredient.75
In addition, the anomalous Green function is not odd in
frequency, although the anomalous self-energy that cor-
responds to the pairing potential is odd. The symmetry
difference between the anomalous Green function and
the anomalous self-energy has not been taken into ac-
count in the previous literature. We suggest that the reso-
nance form V 2/z of the self-energy should not be specific
to the 2chKL. Recent numerical calculations for single-
band models such as the two-dimensional (2D) Hubbard
model76 and 2D Kondo lattice77 suggest emergence of
resonance or hybridization-type behavior around and be-
low the superconducting transition. In the 2D Kondo
lattice, fluctuations toward the homogeneous OF pair-
ing with singlet p-wave are equally strong as the singlet
d-wave pairing in a special parameter region.77 Namely,
the Fermi surface is about to change so as to include the
localized spins. Hence the stability of the homogeneous
OF pairing should be analyzed with proper account of
the self-energy.
7.2 SO(5) Symmetry in single-band models
As we have discussed in Section 4, the most spectac-
ular symmetry in the composite orders is the degener-
acy among the real order parameters; Ψx,Ψy,Ψz and
ΦR(Q),ΦI(Q). The degeneracy is interpreted in terms
of the SO(5) symmetry.45 Namely, the order parameters
constitute a basis of the vector (or fundamental) repre-
sentation of the SO(5) group. For the two-channel Kondo
impurity, presence of an SO(5) symmetry, or equivalently
the Sp(4) symmetry, has long been recognized.33 Prob-
ably the most systematic approach is to start from the
SO(8) group made up of eight Majorana fermions that
originate from free electrons with spin and orbital sym-
metries.78 Various perturbations break up SO(8) into
lower symmetries, but not so far as SU(2)S⊗SU(2)O. In-
stead of this top-down approach, in this paper we have
followed a pedestrian approach that only utilizes the
PH symmetry in addition to SU(2)S⊗SU(2)O. A natural
question is then how specific is the 2chKL in realizing the
SO(5) symmetry. In the context of high-Tc cuprates, an-
other kind of SO(5) symmetry has been proposed79 for
single-band models such as the Hubbard and t-J mod-
els. In the latter case, the order parameters of antifer-
romagnetism and the d-wave superconductor constitute
the approximate basis set of the SO(5) group.
Let us construct the simplest version of single-band
models with the exact SO(5) symmetry.80 We take a pair
of sites where the site index a = 1, 2 are regarded as
an internal degrees of freedom, i.e. a pseudo-spin 1/2.
To distinguish from the spin operator Sa at each site
a, we introduce a new notation Tσ for the pseudo-spin
operator:
Tσ = c
†
aσσabcbσ/2, (78)
with no summation over σ. In the half-filled case with
the PH symmetry, the pseudo-spin is conserved under
Pσ given by Eq.(9). Hence if a model Hamiltonian is
isotropic in spin space, and is composed of pseudo-spins
only, it should be SO(5) invariant. Note that SU(2) for
the pseudo-spin is not prerequisite to the SO(5), which
is constructed from the (real) spin SU(2) and the PH
symmetry.33
We take the following Hamiltonian for pseudo-spins:
H = 2t(T x↑ + T x↓ ) +KzT z↑ T z↓ +K2
[(
T z↑
)2
+
(
T z↓
)2]
+K⊥
(
T+↑ T
−
↓ + T
−
↑ T
+
↓
)
. (79)
Here the term with t corresponds to transfer of electrons
from one site to the other, which is written alternatively
as
t(c†1σc2σ + c
†
2σc1σ) (80)
using the site indices 1,2. The other terms with Kj in
Eq.(79) are rewritten as
U
2∑
i=1
∆ni↑∆ni↓ + V∆n1∆n2 + JS1 · S2, (81)
with ∆niσ = c
†
iσciσ − 1/2 and ∆ni = ni↑ + ni↓ − 1 The
interaction parameters are related to those in Eq.(79) as
U = Kz/4, J = Kz/2−K2, V = −Kz/8−K2/4,
which leads to a relation 4(U+V ) = J as noted in Ref.80.
The constraint K⊥ = −Kz/2+K2 is necessary to realize
the isotropic exchange J . We assume J > 0 as a conse-
quence of U + V > 0. We remark that Eq.(79) does not
exhaust the SO(5) invariant terms. For example, a pair
transfer term T+↑ T
+
↓ has been neglected.
The staggered magnetization along x-direction is given
by
Sx1 − Sx2 =
1
2
c†aασ
z
abσ
x
αβcbβ . (82)
Combining with another component Sy1 − Sy2 , we con-
struct S+1 − S+2 . Then the PH transformation P↓ gives
P↓
(
S+1 − S+2
)
P−1↓ =
1
2
(σzε)abǫαβc
†
aαc
†
bβ ≡ φ†, (83)
which creates a pair with spin singlet and pseudo-spin
triplet.
With these preliminaries we proceed to the symme-
try between antiferromagnetism and superconductivity
in a ladder system where electrons can transfer between
the nearest-neighbor cells, each of which is described by
Eq.(79). The new transfer term is invariant under Pσ
with the staggered phase factor as in Eq.(27). Let us as-
sume antiferromagnetic order where
Sx(Q) =
∑
j
exp(iQ ·Rj)Sxj , (84)
has a finite average. Here Rj runs over all sites, and the
phase factor selects antiparallel spins also in the unit cell
of the ladder. The PH transformation (27) with i being
16
the rung index along the ladder gives
P↓S
x(Q)P−1↓ =
1
2
∑
i
(
φ†i + φi
)
≡ φR. (85)
The RHS of Eq.(85) represents the order parameter of
homogeneous superconductor with spin singlet. Use of
Sy(Q) in Eq.(85) leads to −i(φ†j − φj)/2 ≡ φI in the
RHS. Since any direction of the staggered magnetiza-
tion is energetically equivalent, we recognize the SO(5)
symmetry in the order parameters S(Q), φR, φI in the
half-filled case of the ladder system.
In more standard models such as Hubbard and t-J
models, there is no exact SO(5) symmetry. However,
argument has been advanced79 that renormalization of
bare parameters may drive the system as if the low-
energy spectrum has the approximate SO(5) symmetry.
This idea seems motivated by the proximity of antifer-
romagnetism and d-wave superconductivity in cuprates.
Table I summarizes the SO(5) symmetry aspects com-
paring between 2chKL and 2D t-J models.
8. Summary and outlook
In this paper we have described a line of understand-
ing toward exotic orders induced by the orbital Kondo
effect. A special feature is that the finite entropy due to
the overscreening Kondo effect can be removed only by
electronic orders. In other words, the Fermi liquid ground
state is impossible in the 2chKL, which is in strong con-
trast with the ordinary Kondo and Anderson lattices,
and with Hubbard and t-J models. The special feature
of the orbital Kondo effect is shared by the two-channel
Anderson lattice where the fractional entropy, ln
√
2 per
site, remains if any electronic order is absent.58, 59 Note
that the fractional entropy at the non-trivial fixed point
of the impurity model is most clearly explained in terms
of fictitious Majorana fermions,19 which are now under
intensive search in condensed matter.82 In contrast with
topological systems where Majorana modes have zero en-
ergy and appear at boundaries of systems, the present
Majorana modes appear in the bulk with macroscopic
numbers. The crucial question is whether these Majo-
rana modes are just like semantics, or more like real par-
ticles as in fractional quantum Hall systems.83 Although
the latter line of understanding is attractive, more direct
signature than the fractional specific heat is desired.
It seems useful to further explore the comparative
study of SO(5) orders between composite and single-
band cases. An interesting problem is to consider alter-
native kinds of oder parameters. For example, a unifica-
tion, under the SO(4) symmetry, of triplet superconduc-
tivity and antiferromagnetism has been proposed84 for
one-dimensional systems such as Bechgard salts. In our
framework, this corresponds to the case J < 0 in Eq.(81).
Then the PH transformation of Sx1 +S
x
2 in Eq.(82) gives
a spin-triplet pair with odd parity for two sites. The ho-
mogeneous triplet superconductivity is degenerate with
antiferromagnetism with spin 1 at each rung.
As we have emphasized in Section 6, inclusion of f -
charge fluctuations is essential for making the model
more realistic. Only with the charge degrees of freedom,
the model is capable of connecting to the energy-band
picture. For impurity systems, a multi-orbital Anderson-
type model has been already studied by the numeri-
cal renormalization group.81 Extension of such impurity
models to lattice systems may describe more realistic sit-
uation of Pr and U systems, especially in the paramag-
netic region. In the ordered phase, on the other hand, we
have argued that the charge fluctuations become irrele-
vant, and the composite orders in the 2chKL provides a
useful picture for real systems. We expect further exper-
imental and theoretical efforts to establish these exotic
orders.
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